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We calculate the subleading twist contributions to the endpoint of the inclusive lepton energy
spectrum in B → Xuℓν¯. We show that the same two subleading twist functions that appear in
the decay B → Xsγ govern the subleading effects in this decay. Using these results we find large
O(ΛQCD/mB) corrections to the determination of |Vub| from the endpoint of the charged lepton
spectrum. Using a simple model for the relevant subleading shape functions, we estimate the
uncertainty in |Vub| from ΛQCD/mb corrections to be at the ∼ 15% level for a lower lepton energy
cut of 2.2 GeV.
A precise determination of the CKM matrix element
|Vub| is one of the most important measurements in
the current quest to overconstrain the unitarity tri-
angle to test the standard model. The theoretically
cleanest determination of |Vub| comes from the inclu-
sive rate for B → Xuℓν¯, which may be calculated
model-independently via an operator product expansion
in terms of local operators [1]. Such a measurement is
hampered by the experimental necessity to suppress the
overwhelming charm background, which usually requires
tight kinematic cuts. With a few exceptions [2], such
cuts invalidate the local OPE usually used to calculate
the inclusive branching ratio, and a twist expansion has
to be performed instead [3]. At leading order in this twist
expansion, and ignoring perturbative corrections, the dif-
ferential lepton energy spectrum in inclusive B → Xuℓν¯
decay is given by
dΓ
dEℓ
=
G2F |Vub|
2m4b
96π3
∫
dω θ(mb − 2Eℓ − ω)f(ω) , (1)
where f(ω) is the nonperturbative light cone structure
function of the B meson
f(ω) =
1
2mB
〈B|h¯ δ(in ·D + ω)h|B〉 . (2)
Since this function is a property of the B meson, it
is process independent and can thus be measured else-
where. The best way to measure this structure function
is from the photon energy spectrum of the inclusive de-
cay B → Xsγ [4]. Up to perturbative and subleading
twist corrections, this spectrum is directly proportional
to the structure function,
dΓ
dEγ
=
G2F |VtbV
∗
ts|
2α|Ceff7 |
2m5b
32π4
f(Eγ) . (3)
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Thus, combining data on B → Xsγ with data from
B → Xuℓν¯, one can eliminate the dependence on the
structure function and therefore determine |Vub| with no
model dependence at leading order [3, 4, 5]. The relation
is∣∣∣∣ VubVtbV ∗ts
∣∣∣∣
2
=
3α
π
|Ceff7 |
2Γu(Ec)
Γs(Ec)
+O(αs) +O
(
ΛQCD
mB
)
(4)
where
Γu(Ec) ≡
∫ mB/2
Ec
dEℓ
dΓu
dEℓ
Γs(Ec) ≡
2
mb
∫ mB/2
Ec
dEγ(Eγ − Ec)
dΓs
dEγ
. (5)
Recently, the CLEO collaboration [6] measured the rate
for B → Xuℓν¯ decay in the endpoint interval 2.2GeV <
Eℓ < 2.6GeV and combined this with their measurement
of the B → Xsγ photon spectrum to determine the value
|Vub| = (4.08± 0.34± 0.44± 0.16± 0.24)× 10
−3 (6)
where the first two uncertainties are experimental, and
the third corresponds to the theoretical uncertainty in
the relation between Γ(B → Xuℓν¯) and |Vub|. The fourth
uncertainty is an estimate of the nonperturbative uncer-
tainties in the relation (4), and is determined by vary-
ing the parameters of f(ω) by 10% (as expected for an
O(ΛQCD/mb) correction).
In this paper we calculate the subleading twist cor-
rections to Eq. (4). While perturbative corrections to
this relation have been studied in detail [4, 5], much less
is known about nonperturbative corrections suppressed
by powers of ΛQCD/mb. In [7] we introduced a formal-
ism (similar to that used for higher twist calculations
in deep inelastic scattering [8]) which allows these sub-
leading twist corrections to be parameterized in terms
of subleading shape functions, and calculated the sub-
leading twist corrections to the photon energy spectrum
in B → Xsγ. These corrections are suppressed by one
power of ΛQCD/mb and can be written in terms of three
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FIG. 1: The two full theory graphs required for the matching
onto the subleading shape functions
structure functions
mb
Γs0
dΓ
dEγ
= (4Eγ −mb)F (mb − 2Eγ)
+
1
mb
[h1(mb − 2Eγ) +H2(mb − 2Eγ)](7)
where
Γs0 =
G2F |VtbV
∗
ts|
2α|Ceff7 |
2m5b
32π4
(8)
and the functions F , h1 and H2 will be defined later.
The subleading twist corrections to the lepton energy
spectrum in B → Xuℓν¯ may be calculated in much
the same way as the photon spectrum for B → Xsγ.
The matching calculation is performed by expanding full
QCD matrix elements to subleading twist and identify-
ing the result with non-local operators. The operator
mediating the decay B → Xuℓν¯ is given by
O = (u¯b)V−A(ℓ¯ν)V−A = (u¯ν)V−A(ℓ¯b)V−A , (9)
where we have used a Fierz transformation to obtain the
right hand side of Eq. (9). Using the optical theorem,
the differential lepton energy spectrum can be obtained
from the imaginary part of the forward scattering matrix
element
dΓ
dEℓ
∼
∫
d[P.S.]
∫
d4 xeiq·x Im〈B|T {O†(x)O(0)|B〉.(10)
The phase space integrals are automatically performed
by taking the imaginary part of one loop diagram shown
in in Fig. 1(a). Calculating this diagram and taking the
imaginary part we find
Aa =
16Γ0Eℓ
m4b
θ(p2)(pµpν − p2gµν)Lµν , (11)
where
Γ0 =
G2F |Vub|
2m5b
192π3
(12)
and we further defined pµ = pµb − p
µ
ℓ . Finally, Lµν con-
tains the contraction of the lepton spinors
Lµν = γµPL p/ℓ γνPL , (13)
with PL = (1− γ
5)/2.
To expand this expression to subleading twist, we iden-
tify the scaling of the various components of the mo-
menta. Defining
pµb = mbv
µ + kµ , Qµ = mbv
µ − pµℓ , (14)
as well as the light cone vectors nµ, n¯µ (n2 = n¯2 = 0,
n · n¯ = 2, 2v = n+ n¯) by
pµℓ = Eℓn¯
µ , (15)
we find
n¯ ·Q = mb (16)
n ·Q = mb − 2Eℓ ∼ O(ΛQCD)
kµ ∼ O(ΛQCD)
(this should be compared with the power counting for
the local OPE, in which n · Q scales as mb). Using this
momentum scaling in Eq. (11) and expanding in powers
of ΛQCD/mb we find at leading order
A(0)a = 4Γ0n/PLθ(mb − 2Eℓ + n · k) . (17)
For pseudoscalar B meson decays, only the parity even
part of this amplitude contributes. The matching onto
the low energy theory is obtained by comparing this with
the general expression at leading twist
∫
dω C0(ω)O0(ω) =
1
2
Tr
{
P+A
(0)
a
}
= 2Γ0 θ(mb − 2Eℓ + n · k) , (18)
where P+ = (1 + v/)/2 and
O0(ω) = h¯δ(in ·D + ω)h . (19)
Thus, we find
C0(ω) = 2Γ0 θ(mb − 2Eℓ − ω) , (20)
in agreement with Eq. (1).
At subleading twist there are five nonlocal operators
contributing to B meson decays [7]
3Oµ1 (ω) = h¯v {iD
µ, δ(in·D + ω)}hv
Pµα2 (ω) = h¯vs
α [iDµ, δ(in·D+ ω)]hv
OT (ω) = i
∫
d4y
1
2π
∫
dt e−iωtT
(
h¯v(0)hv(t)O1/m(y)
)
(21)
O3(ω) =
∫
dω1dω2
δ(ω − ω1)− δ(ω − ω2)
ω1 − ω2
[
hvδ(in·D+ω2)(iD⊥)
2δ(in·D+ω1)hv
]
Pα4 (ω) = g
∫
dω1dω2
δ(ω − ω1)− δ(ω − ω2)
ω1 − ω2
[
hvs
αδ(in·D+ω2)ǫ
µν
⊥ G
⊥
µνδ(in·D+ω1)hv
]
,
where sα = P+γ
αγ5P+. The Feynman rules for these operators were given in n · A = 0 gauge in Ref. [7] (note that
we have used slightly different definitions of O3 and P4 from Ref. [7]). To match onto these operators we expand the
full theory calculations to one order higher in kµ/mb and n · Q/mb. For the graph with no external gluon we find
from (11)
A(1)a = 4Γ0
{
k2⊥
mb
n/PLδ(n · k +mb − 2Eℓ) +
[
2
k/⊥
mb
PL − 2
n · k +mb − 2Eℓ
mb
(n/− n¯/)PL
]
θ(n · k +mb − 2Eℓ)
}
(22)
where we have defined
kµ⊥ = k
µ − nµ
n¯·k
2
− n¯µ
n·k
2
. (23)
Of the above operators only Oµ1 (ω) and O3(ω) contribute
to the zero gluon matrix element. In addition, we use the
spinor expansion relating the full QCD spinors u to the
two component HQET spinors h
u =
(
1 +
k/
2mb
)
h , (24)
and as before only the parity even part of this amplitude
contributes to the decay rate. This allows us to write∫
dω [C1µ(ω)O
µ
1 (ω) + C3(ω)O3(ω)] (25)
= 2
Γ0
mb
[n·k θ(n·k +mb − 2Eℓ)
+k2⊥δ(n·k +mb − 2Eℓ)
]
.
From this we can easily read off the Wilson coefficients
for the subleading twist operators Oµ1 (ω) and O3(ω). We
find
Cµ1 (ω) =
Γ0
mb
nµθ(mb − 2Eℓ − ω) (26)
C3(ω) = −
2Γ0
mb
θ(mb − 2Eℓ − ω) . (27)
The result for the the coefficient C3(ω) agrees with the
prediction from reparameterization invariance, which re-
lates this coefficient to the leading order Wilson coeffi-
cient to all orders in perturbation theory [9]
C3(ω) = −C0(ω) . (28)
To determine the matching coefficients of the opera-
tors Pµα2 (ω) and P
α
4 (ω), we need to calculate the matrix
element with an explicit gluon in the final state. The
required diagram is shown in Fig. 1(b). Performing the
calculation in n ·A = 0 gauge and expanding to sublead-
ing twist gives
A1 = 4Γ0
{
1
mb
ǫ/⊥PL [θ(n·k +mb − 2Eℓ) + θ(n·k + n · l +mb − 2Eℓ)]−
[
1
mb
n/PL(2k + l)⊥ ·ǫ⊥ (29)
+
2n·k+ n·l+ 2mb − 4Eℓ
mb
ǫ/⊥PL −
3
mb
n/PLiǫ
µν
⊥ l
⊥
µ ǫ
⊥
ν
]
θ(n·k +mb − 2Eℓ)− θ(n·k + n·l+mb − 2Eℓ)
n · l
}
,
where
ǫµν⊥ = ǫ
µναβvαnβ . (30)
The first and second term in this expression correctly
reproduce the one gluon terms from the operators Oµ1 (ω)
4and O3(ω). The Wilson coefficients for the operators
Pµα2 (ω) and P
α
4 (ω) are determined from this expression
to be
Dµ,α2 (ω) = −
Γ0
mb
iǫµα⊥ θ(mb − 2Eℓ − ω) (31)
Dα4 (ω) =
3Γ0
mb
nαθ(mb − 2Eℓ − ω) . (32)
To calculate the differential decay rate to subleading
twist, we need expressions for the matrix elements of
these operators. These matrix elements may be param-
eterized in terms of four subleading structure functions
[7]
〈H |O0(ω)|H〉 = 2mB f(ω)
〈H |Oµ1 (ω)|H〉 = −4mB ωf(ω) (v
µ − nµ)
〈H |O3(ω)|H〉 = 2mB G2(ω) (33)
〈H |OT (ω)|H〉 = 2mB t(ω)
〈H |Pα,µ2 (ω)|H〉 = −2mB iǫ
µα
⊥ h1(ω)
〈H |Pα4 (ω)|H〉 = 4mB (v
α − nα)H2(ω)
There are some additional simplifications that may be
used to reduce the number of unknown functions. First,
the function t(ω) comes from expanding the Lagrangian
to higher order in 1/mb and therefore always occurs in
the same linear combination f(ω) + t(ω)/2mb. Together
with the reparametrization invariance constraint (28), it
therefore follows that for any B meson decay one always
finds the same linear combination of leading and sublead-
ing shape functions
F (ω) = f(ω) +
1
2mb
[t(ω)− 2G2(ω)] . (34)
Putting all this information together, we therefore find
for the lepton energy spectrum in B → Xuℓν¯
dΓ
dEℓ
=
2Γ0
mb
∫
dω θ(mb − 2Eℓ − ω)
[
F (ω)
(
1−
ω
mb
)
−
1
mb
h1(ω) +
3
mb
H2(ω)
]
+O
(
Λ2QCD
m2b
)
. (35)
Eq. (35) is the central result of this paper. We can check
this result against the known result from the local OPE
by using the expansion of the nonperturbative functions
[7]
f(ω) = δ(ω)−
λ1
6
δ′′(ω)−
ρ1
18
δ′′′(ω) + . . .
G2(ω) = −
2λ1
3
δ′(ω) + . . .
t(ω) = − (λ1 + 3λ2) δ
′(ω) +
τ
2
δ′′(ω) + . . .
h1(ω) = λ2 δ
′(ω) +
ρ2
2
δ′′(ω) + . . .
H2(ω) = −λ2 δ
′(ω) + . . . , (36)
where . . . denote terms O(Λ2QCD/m
2
b) in the twist expan-
sion. This gives
dΓ
dy
= Γ0
[
2θ(1− y)−
λ1
3m2b
δ′(1− y)−
ρ1
9m3b
δ′′(1− y)
−
λ1
3m2b
δ(1− y)−
11λ2
m2b
δ(1− y)−
ρ1
3m3b
δ′(1 − y)
−
ρ2
m3b
δ′(1 − y) +
τ
2m3b
δ′(1− y)
]
, (37)
where
y ≡
2Eℓ
mb
. (38)
Here 3τ = −2(T1 + 3T3) and the ρi, Ti are the papame-
ters used in [12, 13]. This agrees with the corresponding
expressions from Refs. [11, 12].
We can now use these results to get the O(ΛQCD/mB)
corrections to the determination of |Vub| from the com-
bined measurement of the semileptonic and radiative B
decays given in Eq. (4). Using the differential decay rates
given in Eqs. (7) and (35), together with Eq. (5), we find
Γu(Ec) =
2Γ0
mb
∫ mB/2
Ec
dE
∫ mb−2E
−∞
dω
[
F (ω)
(
1−
ω
mb
)
−
1
mb
h1(ω) +
3
mb
H2(ω)
]
(39)
Γs(Ec) =
Γs0
mb
∫ mB/2
Ec
dE
∫ mb−2E
−∞
dω
[
F (ω)
(
1−
2ω
mb
)
+
1
mb
h1(ω) +
1
mb
H2(ω)
]
(40)
where Γs0 and Γ0 are defined in Eqs. (8) and (12), respec-
tively. This finally leads to
∣∣∣∣ VubVtbV ∗ts
∣∣∣∣ =

3α
π
|Ceff7 |
2Γu(Ec)
Γs(Ec)

1 + 1
mb
∫mB/2
Ec
dE
∫mb−2E
−∞
dω
[
2h1(ω)− 2H2(ω)− ωf(ω)
]
∫mB/2
Ec
dE
∫mb−2E
−∞
dωF (ω)




1
2
5≡
(
3α
π
|Ceff7 |
2Γu(Ec)
Γs(Ec)
) 1
2
(1 + δ(Ec)) , (41)
2 2.1 2.2 2.3 2.4
0.1
0.2
0.3(Ec)
Ec (GeV)
0
FIG. 2: The subleading twist corrections to the |Vub| relation
(41) as a function on the lepton energy cut, using the simple
model described in the text. The vertical line corresponds to
the kinematical endpoint of the semileptonic b→ c decay.
where δ(Ec) is the correction to the extraction of |Vub|
from subleading twist.
We note from Eq. (36) that the first moments of h1(ω)
and H2(ω) have opposite signs, and so we expect their
effects to add, not cancel, in the expression (41). This
gives the na¨ıve estimate δ ∼ 2ΛQCD/mb ∼ 0.2, so the
contributions of the subleading twist shape functions are
sizable.
To get a more quantitative estimate for these correc-
tions, we can use the simple model for the subleading
structure functions introduced in [7], in which these func-
tions are taken as the derivative of the leading order
shape function, normalized such that they reproduce the
known first moments. Using the one parameter model
for the leading order structure function given in [14]
fmod(ω) =
32
π2Λ
(
1 +
ω
Λ
)2
exp
[
−
4
π
(
1 +
ω
Λ
)2]
θ
(
1 +
ω
Λ
)
(42)
(where Λ = mB −mb) this gives
Fmod(ω) = fmod(ω) +
λ1 − 9λ2
6mb
f ′mod(ω)
h1mod = λ2 f
′
mod(ω)
H2mod = −λ2 f
′
mod(ω) (43)
and leads to the expression for the subleading twist con-
tributions
δmod(Ec) =
1
2mb
∫mB/2
Ec
dE
[
4λ2fmod(mb − 2E)−
∫mb−2E
−∞
dω ωfmod(ω)
]
∫mB/2
Ec
dE
∫mb−2E
−∞
dω fmod(ω)
. (44)
Using the numerical value Λ = 0.47GeV for the model
parameter, we can estimate the subleading twist con-
tributions δ as a function of the lepton energy cut Ec.
This is shown in Fig. 2. For the cut used by the CLEO
collaboration [6] to reject background from semileptonic
b → c transitions Ec = 2.2 GeV, the subleading twist
corrections to |Vub| are about 15%. Since this number is
strongly model dependent, we estimate the uncertainties
in |Vub| to also be at the ∼ 15% level. From Fig. 2 one
can see that these uncertainties grow rapidly if the cut
is raised further. Conversely, lowering the cut below 2.2
GeV reduces the uncertainty from subleading twist con-
tributions. However, as the cut is lowered below 2.2 GeV
the effect of the resummation of local operators in the
twist expansion becomes small and the usual local OPE
in terms of local operators becomes valid, eliminating the
need to extract f(w) from the B → Xsγ spectrum.
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